
Inventory Pinch Based, Multiscale Models for Integrated
Planning and Scheduling-Part II: Gasoline Blend Scheduling

Pedro A. Castillo Castillo and Vladimir Mahalec
Dept. of Chemical Engineering, McMaster University, Hamilton, ON, Canada L8S 4L8

DOI 10.1002/aic.14444
Published online April 1, 2014 in Wiley Online Library (wileyonlinelibrary.com)

Integration of planning and scheduling optimizes simultaneous decisions at both levels, thereby leading to more efficient
operation. A three-level discrete-time algorithm which uses nonlinear models and integrates planning and detailed
scheduling is introduced: first level optimizes nonlinear blend models via multiperiod nonlinear programming (NLP),
where period boundaries are initially determined by the inventory pinch points; second level uses fixed recipes (from
the first level) in a multiperiod mixed-integer linear program to determine first an optimal production plan and then to
optimize an approximate schedule which minimizes the total number of switches in blenders and swing tanks; third level
computes detailed schedules that adhere to inventory constraints computed in the approximate schedule. If inventory
infeasibilities appear at the second or the third level, the first-level periods are subdivided and blend recipes are reopti-
mized. Algorithm finds the same or better solutions and is substantially faster than previously published full-space con-
tinuous-time model. VC 2014 American Institute of Chemical Engineers AIChE J, 60: 2475–2497, 2014
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Introduction

In an oil refinery, gasoline can account for 60–70% of the
total profit1–3; therefore, minimization of blending operation
costs represents a huge opportunity to increase profit mar-
gins. Oil refineries have to deal with unsteady product
demands and crude prices, as well as continuously stricter
environmental regulations.4 In such a context, computational
supply chain optimization tools based on mathematical mod-
els have become very important for companies to plan and
schedule their operations in the best way possible with the
objective to reduce costs and maximize revenues.5 Market
opportunities in the short term should be exploited without
compromising the objectives in the long term.6 Optimization
of blending operations (as the production of gasoline in an
oil refinery) involves the fulfillment of product quality speci-
fications and demand requirements at the minimum cost,
subject to raw materials availability and production and stor-
age capacity limits. Kelly7 pointed out that quality and quan-
tity details are not the only elements comprising the
optimization problem of blending systems, and he described
several logistical details that, if incorporated into the blend
scheduling problem, will provide a more accurate production
schedule. Some of the logic constraints listed by Kelly7 are
the following: (1) a flow (i.e., the total volume pumped/proc-
essed or a flow/production rate) must be between its lower
and upper bounds, (2) a flow must be equal across contigu-
ous time periods if a specific task has not finished, (3) proc-
essing units can only execute one task at a time, (4) a tank

can only store a new material when its holdup is less than or
equal to the quantity specified (this type of tanks are called
swing tanks as they can switch to a different material serv-
ice), (5) minimum and maximum bounds on the running
time (up-time) and idle time (down-time) of a unit, task, or
operation mode, may be specified, (6) the use of sequence-
dependent and -independent changeover down-times may be
considered, and (7) an order (internal or external) cannot be
fulfilled outside its specified time window, but material flow
may be specified to be constant or allowed to be intermittent
within the window.

Many authors have worked on the integration of produc-
tion planning and scheduling optimization problems, either
developing easier-to-converge models or designing more effi-
cient algorithms to solve them. Maravelias and Sung8

reviewed the opportunities and challenges of integrating the
planning and scheduling levels, pointing at the importance of
developing more computationally effective models for com-
plex process systems, improving decomposition and iterative
algorithms, and the possibility to solve the scheduling prob-
lem more efficiently by developing hybrid methods using
different solution techniques. A broad classification of sched-
uling formulation approaches is also found in Maravelias,9

Maravelias and Sung,8 and Mendez et al.10 Gasoline blend-
ing falls into the category of network-based formulations due
to the continuous nature of the process. With respect to the
time representation used, the formulated problems can be
classified as discrete-, continuous-, or mixed-time models. In
the discrete-time models, the scheduling horizon is divided
in a given number of time periods whose duration is known
a priori, whereas in the continuous-time models the length
of these periods is not known in advance (for this reason,
the word “time slot” is preferred when referring to this type
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of time intervals). An in-depth review of advantages and dis-
advantages of discrete- and continuous-time formulations can
be found in Floudas and Lin11 and Sundaramoorthy and
Maravelias.12 Joly and Pinto13 developed a discrete-time
mixed-integer linear programming (MILP) model for the
scheduling of fuel oil and asphalt production, and they
pointed out that, although continuous-time formulations may
decrease significantly the combinatorial feature of a model,
discrete-time models may still be a good option because (1)
the resource constraints are easier to handle (e.g., products
between flow rates and time intervals are linear) and (2)
discrete-time models provide tight formulations in general.
In mixed-time formulations, the time grid is fixed but the
durations of the tasks are variable.

In principle, to solve an integrated planning and schedul-
ing problem it is enough to write a discrete- or continuous-
time model, that is, the full-space model, and solve it; how-
ever, for real-life, large-scale problems, this will lead to
intractable mixed-integer nonlinear programming (MINLP)
or MILP models. Given their large-scale combinatorial
nature, scheduling problems are at least nondeterministic
polynomial time (NP) complete.6 In the last decade,
researchers have been working on improving full-space
model formulations in order to avoid prohibited execution
times.

Jia and Ierapetritou1 solved simultaneously the gasoline
blend scheduling and distribution problem. They presented a
continuous-time event-based MILP model for the scheduling
problem. The model includes multipurpose product tanks
(tank switching), delivery of the same order from multiple
product tanks, and one product tank delivering multiple
orders. A set of preferred blend recipes is given (i.e., blend
recipes are not optimized). Their largest problem (one
blender, four products, 11 product tanks, nine blend compo-
nents, 45 orders, and a scheduling horizon of 8 days) was
solved to proven optimality in 5 CPU hours.

Mendez et al.3 introduced an iterative algorithm to opti-
mize blend recipes and schedule blending operations. Non-
linear quality constraints are modeled as linear constraints by
using correction factors. At the end of each iteration, these
correction factors for the product properties are calculated
according to the blend recipes computed. The algorithm
stops when the correction factors converge and the products
properties fulfill the specifications. Minimum blend run con-
straints and multipurpose tanks are features not included in
the model. Due to the assumption made in their case studies
that each blender produces only one particular gasoline grade
(i.e., the sequencing problem is avoided), their computational
times are very small (less than 2 s).

Li et al.2 presented a continuous-time slot-based MILP
model that uses process slots. This model includes the blend
recipe optimization, inventory constraints, blender capacity
constraints, and delivery scheduling for the demand orders.
Blend indices are used instead of the actual quality proper-
ties in order to avoid nonlinear constraints. Their model also
includes parallel nonidentical blenders, multipurpose tanks,
and other attributes and constraints found in industrial prac-
tice. After the model is solved, a schedule adjustment step is
required to ensure that each blend run has a constant blend-
ing rate. Although their formulation incorporates many
details of the industrial systems, computational times of
more than 20 h were required to solve examples for a blend-
ing system of significant size (e.g., 3 blenders, 9 and 11
component and product storage tanks, respectively) and a

scheduling horizon of 8 days; nevertheless, their solutions
were better than those provided by DICOPT and BARON
solving the corresponding MINLP model in the same time.

Li and Karimi4 replaced process slots with unit slots and
expanded the model by Li et al.2 to include blender setup
times, limited inventory of components, and simultaneous
receipt/delivery by the product tanks. Due to the reduction in
the number of discrete variables when using unit slots
instead of process slots, computational times improved sig-
nificantly for small- and medium-size problems; however,
large-scale problems (e.g., 2–3 blenders, 5 products, 9 com-
ponents, 9 properties, 11 product tanks, 35–45 orders, and a
planning horizon of 8 days) used all the allocated CPU time
(46,800–118,800 s, depending on the problem) as the solu-
tion did not meet the stopping criteria.

Decomposition techniques have been used to solve more
efficiently the integrated planning and scheduling problem,
as well as the scheduling problem itself. There is usually a
trade off between shorter execution times and the quality of
the solution obtained depending of the decomposition
method used.

Bassett et al.14 reviewed several time-based decomposition
approaches to solve the scheduling problem; these decompo-
sitions are based on subdividing the scheduling horizon in
smaller intervals, solving the corresponding subproblems in a
specific sequence, and applying heuristics methods to com-
bine the solutions.

Elkamel et al.15 presented a spatial and a temporal decom-
position to schedule batch processes in a general chemical
plant. The spatial decomposition is based on grouping units
which perform similar tasks and their corresponding orders.
In the temporal decomposition, the product orders are
grouped according to their due dates, and the last due date
of each group delineates the time where the scheduling hori-
zon is subdivided. Global optimality is only guaranteed if all
the subproblems are independent.

Munawar and Gudi16 proposed a three-level hierarchical
approach to integrate the planning and scheduling decisions
in the multistage hybrid flowshop problem for a single facil-
ity. The first level consists of the midterm planning model
and its solution provides the production targets for each time
period. Slopping loses are assumed at this level and the
objective function maximizes production in the initial peri-
ods in order to have production capacity available in later
periods to handle unexpected events (e.g., demand variations,
machine breakdowns etc). At the second level, the schedule
is computed using a continuous-time model (which is solved
sequentially for each of the planning periods) that maximizes
profit and penalizes product changeover and inventory costs.
Actual slopping loses are calculated at this level, and inven-
tory upper bounds are overestimated based on heuristics or
previous process knowledge. The third level determines the
detailed product-to-tank assignments using a heuristic algo-
rithm to find the minimum number of tanks required to man-
age the inventory levels provided by the second level. This
algorithm is based on slicing the inventory profiles along the
scheduling horizon at the given capacity of the individual
tanks, and generating subprofiles to determine the points in
time that a tank is free to be reused.

Li and Ierapetritou17 developed a bilevel decomposition
algorithm to solve separately the production planning and
scheduling levels. The planning level is modeled using
discrete-time representation while the scheduling subproblems
(one per planning period) are formulated as continuous-time
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models. The algorithm aims to close the difference between
the objective function of both levels. At the planning level, an
underestimation term of the production costs associated with
the scheduling level is included and computed through
Lagrangian relaxation. At the end of each iteration, the algo-
rithm contracts the bounds of the planning decision variables.

Mouret et al.18 introduced a new algorithm to solve a MINLP
model for refinery planning and scheduling of crude-oil opera-
tions using Lagrangian decomposition, as well as a new hybrid
algorithm to solve the associated dual problem which combines
subgradient and cutting plane methods at different steps. The
authors pointed out that, in this case, the planning and schedul-
ing problems are only linked by the crude distillation unit
(CDU) feedstock quantities; that is, the planning model is not
an aggregated formulation of the scheduling problem. For that
reason, a spatial Lagrangian decomposition is a better option to
solve the problem than a hierarchical approach.

For gasoline blend planning and scheduling, Glismann and
Gruhn19 used a two-level approach: at the top level, a discrete-
time NLP model computes blend recipes and, at the lower
level, a discrete-time MILP model solves the short-term sched-
uling problem. In this approach, the time periods of the NLP
model are defined by product liftings and other specific plan-
ning priorities while the scheduling MILP model time periods
are defined to be 2-hours long. If a feasible solution cannot be
found at the lower level, or if deviations from the goals deter-
mined at the top level cannot be accepted, blend recipes are
recomputed by NLP model but this time including the infor-
mation from MILP solution through the addition of constraints
regarding the blend components consumption (this step is not
clearly described in their article). The new blend recipes can
be chosen as alternatives to the previous ones at the MILP
scheduling model which contains constraints to enforce a mini-
mum running time for a single recipe on a blender.

The work presented in this article introduces a new
method to solve the gasoline blend planning and scheduling
problem, using the inventory pinch concept to reduce the
number of different blend recipes. It is based on the gasoline
blend planning decomposition shown in Part I of this article.
We use a three-level decomposition:

1. At the first level, blend recipes are optimized by solv-
ing a discrete-time multiperiod NLP model. The boundaries
of the time periods in this NLP model are initially given by
the inventory pinch points and break points (if applicable) in
the components’ qualities or unit costs.

2. At the second level, a blend plan using the recipes
from the first level is computed. The blend plan defines the
swing tanks allocation to each product and the volumes to
produce in each blender in each second-level time period
along the horizon. A discrete-time multiperiod MILP model
is solved for the entire horizon in two phases:

a. Blend planning. The objective function minimizes the
blend cost and inventory infeasibilities. Hence, this phase
uses the blend recipes from the first level to compute an
optimal blend plan.

b. Approximate scheduling. The objective function mini-
mizes the number of blend runs and the number of product
transitions in the blenders and swing tanks. It is assumed
that the length of the time periods at the second level is
such that a swing tank can only be used for one product dur-
ing any second-level time period. As the blend recipes and
inventory levels from the first level have been proven feasi-
ble in the previous phase, they are fixed and the blend cost
is not included in the objective function.

3. At the third level, scheduling of the blending operations is
carried out based on the decisions from the second level. Pro-
duction and delivery rates, as well as start and end times of the
tasks are computed. Product-tank allocation is fixed as computed
at the second level. At the third level, the scheduling horizon is
divided in several time intervals, and each one is solved using a
discrete-time multiperiod MILP. These small subintervals are
solved in two sequences: a forward sequence that computes an
initial solution considering the initial conditions of the system,
and a reverse sequence that merges blend runs, if possible, to
obtain a final production schedule with smaller number of
switches. Each sequence is solved in two phases:

a. Feasibility phase. The objective function minimizes the
blend cost and inventory infeasibilities. During the forward
sequence, this phase determines if the blend recipes from the
first level and the blend plan from the second level can pro-
vide a feasible schedule; while during the reverse sequence,
this phase determines the minimum number of blend runs
that can be achieved.

b. Optimization phase. The objective function minimizes
the number of blend runs, penalizes long blend runs, varia-
tions in the delivery rates, late deliveries, and variations in
the destination tank for the product of a blend run.

.If the solutions at the second level or at the third level for-
ward sequence contain slack variables with nonzero values, the
current set of blend recipes from the first level leads to infeasi-
ble solutions. In such a case, we subdivide the corresponding
period at the first-level NLP model and resolve all levels.
Hence, we increase the number of time periods (and the num-
ber of corresponding recipes) only when such a change is
required to ensure the optimality and feasibility of the solution.

The contents of this article are organized as follows. We
start with the problem description, and then, the proposed
solution approach is explained. The mathematical models
and solution algorithm are presented next, followed by the
numerical case studies and by the comparison of our solu-
tions with those from the literature. Finally, we conclude
with the discussion of the results, summary of the algorithm
performance, and outline of the future work.

Problem Statement

The integrated gasoline blend planning and scheduling
problem addressed in this work is stated as follows:

Given
1. A scheduling horizon [0, H];
2. A set of blend components and profiles of their quality
levels along the horizon;
3. A set of tanks to store the blend components, their initial
inventories, limits on their holdups, and the flow profiles of
feeds into the tanks;
4. A set of products and their quality and composition speci-
fication limits;
5. A set of blenders, the products that each blender can pro-
cess, minimum running times of these blenders for a specific
product, and limits on their blending rates;
6. A set of tanks to store the products, the products that
each tank can store, limits on their holdups, the products and
inventories at time zero, and their maximum delivery rates;
7. A set of orders, their constituent products, amounts, and
delivery time windows; and
8. Unit cost of the blend components.
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Determine

1. The blend recipes (i.e., the volume fractions of the blend
components that compound one unit of each product);
2. The blenders that each component tank should feed over
time, and their feed rates;
3. The products that each blender should produce over time,
and their production rates;
4. The products that each product tank should receive over
time, from which blender, and at what flow rates;
5. The orders that each product tank should deliver over
time, their amounts, and delivery rates; and
6. The inventory profiles of component and product tanks.

Minimizing

The operating cost that includes the blended materials cost
and the cost associated with the number of blend runs and
product transitions in the blenders and storage tanks.

Subject to the following constraints

1. A blender can process, at most, one product at any time.
Once it begins processing a product, it must operate for
some minimum time before it can switch to another product.
2. A blender can feed, at most, one product tank at any time
(industrial practice).

Assuming

1. Flow rate profile of each component from the upstream
process is piecewise constant;
2. Component quality profile is also piecewise constant;
3. There is only one tank for a given blend component;
4. Mixing in each blender is perfect;
5. Changeover times between products are negligible for
product tanks;
6. Changeover times between product runs on blenders are
product-dependent but sequence-independent;
7. Each order involves only one product (one original order
involving different products can be broken into orders of
each specific product); and
8. Each order is completed during the scheduling horizon.

Allowing

1. A component tank may receive and feed components at
the same time;
2. A component tank may feed some or all blenders
simultaneously;
3. Multiple component tanks may feed a blender at the same
time;
4. A product tank may receive and feed products at the
same time;
5. A product tank may deliver multiple orders at the same
time; and
6. Multiple product tanks may deliver an order at the same time.

Solution Approach

A discrete-time formulation is adopted in our models as it
leads to simple time-related structure of the equations when
compared to the continuous-time representation. As previ-
ously stated, one of the main advantages of the discrete-time
formulation is the linearity of the terms involving flow rates
and time intervals. Although a discrete-time model repre-
sents an approximation of the real-life problem,11 our goal is
to obtain close-to-optimal solutions for large-scale problems

with short execution times. For comparison purposes, some
continuous-time model examples from the literature were
solved using our discrete-time approach.

We use the hierarchical framework shown in Figure 1 and
our decomposition approach is described in Figure 2. The
first level optimizes the blend recipes; the second level uses
the blend recipes from the first level to determine how
much, when and in which blender a product should be proc-
essed, and the allocation of swing tanks to specific products
along the horizon; finally, the third level computes the deliv-
ery and production rates, and the start and end times of all
tasks that minimize the number of blend runs, using the
decisions from the second level. We assume that the produc-
tion rates of the blend components are given by the solution
of the refinery planning level; therefore, the inventory cost
does not need to be included at any of these three levels as
the refinery will carry the inventories as either blend compo-
nents or as finished gasoline grades. The first and second
levels are a decomposition of the gasoline blend planning
problem. By solving the recipe optimization separately, non-
linear models can be solved more efficiently since the prob-
lem is modeled as a NLP instead of a MINLP, as illustrated
in Part I of this work.

To arrive at short execution times, a temporal decomposi-
tion technique can be applied to solve the third level (i.e.,
the detailed scheduling model). As the second level is solved
for the entire scheduling horizon, we know that the con-
straints imposed by the second-level solution constrain the
third-level scheduling problem close to the optimal solution
(if the constraints of the second level contain a feasible
schedule). Hence, we have decided to use a forward and
reverse rolling window techniques to compute the schedules
at different steps of the algorithm. The scheduling horizon is
divided in small subintervals, denoted as L-intervals, which
represent the width of the rolling window. The forward roll-
ing window sequence is used to generate an initial solution
that takes into consideration the conditions at the beginning
of the horizon. Once the initial solution is computed, the
reverse rolling window sequence is used to determine if the
number of blend runs can be reduced.

Inventory pinch concept

The inventory pinch concept used in this work is defined
in detail in Castillo et al.,20 and a brief review can be found

Figure 1. Proposed decomposition of the gasoline
blend planning and scheduling problem.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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in Part I of this article. The inventory pinch points are the
times where the cumulative average total production
(CATP) curve changes its slope, in order to remain above
the cumulative total demand (CTD) curve, the minimum
possible number of times, and at the closest distance to the
CTD. These cumulative curves are also known as compos-
ite curves.21 V(0) represents the initial inventory available.
The concept can be applied directly to multiple products
(i.e., the demand of all products is aggregated in such
case), and minimum inventory limits and target inventories
can be incorporated easily. The inventory pinch points can
be seen as well in the grand composite curve (i.e., CATP–
CTD values) as those points in time where the inventory
goes to zero. The cumulative curves provide the minimum
production quantities required to meet the demand in each
interval where the CATP has a constant slope; however, the
grand composite curve given by CATP–CTD does not rep-
resent the actual total inventory profile nor the slopes of the
CATP curve are the actual production rates; those values
will be calculated through our Multiperiod Inventory Pinch
(MPIP) algorithm.

The inventory pinch points define the times within the
planning/scheduling horizon where the product inventories

are at the minimum allowed limits, and they are used to
define the time grids of each level.

Time grids construction of each level

At the first level, the boundaries of the time periods are
initially delimited by the inventory pinch points, the times
when the quality of blend components changes, and the
times when the unit cost of blend components or products
vary.

At the second level, the boundaries of the time periods are
defined by the planner taking into consideration the
following:
� The boundaries of the first level. All boundaries of the

first level must exist as well at the second level.
� The minimum time a storage tank will be holding a

specific product. The smaller the time periods at the second
level, the better the time resolution of assigning the swing
tanks to specific products. In our case studies, we use one-
day periods at the second level, but it is possible to use 1/2
or 1/4 of the day as the duration of these time periods as
dictated by operational considerations.
� The minimum time that a blending unit will require to

produce the minimum threshold amount. In this case, larger

Figure 2. Inventory pinch-based algorithm for gasoline blend scheduling.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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periods are preferred to avoid inventory infeasibilities (i.e.,
slack variables with nonzero values) due to the blending
units not being able to fulfill the minimum production
threshold constraint.
� The delivery windows. The higher the number of the

period boundaries that correspond to the start and end times
of the delivery windows, the fewer iterations the algorithm
will require. The second-level periods are still aggregated
periods; all tasks are assumed to be completed at the end
boundary. Therefore, inventory infeasibilities may appear if
a delivery window ends before the conclusion of the second-
level period. As a heuristic rule, an original delivery window
is narrowed when it spans less than the half of a second-
level period, if and only if the order is possible to be met at
maximum order delivery rate within the reduced window;
otherwise, another second-level period should be considered.

At the third level, the time periods are small enough that
only one task in a given unit can take place (e.g., a blender
can only blend one specific gasoline grade). They are usually
1- or 2-hours long.

The length of the time periods at any level does not need
to be uniform, and their boundaries are not required to coin-
cide with the start of a calendar day, month and so forth.
For example, it is possible to use a few smaller periods at
the second level if it is known that no blender will operate
at some intervals of the horizon (e.g., after the last delivery
window if it ends before the conclusion of the horizon). For
sake of exposition, the time periods of the first, second, and
third level, are denoted as L1-periods, L2-periods, and L3-
periods, respectively. One L1-period contains one or more
L2-periods, and one L2-period contains several L3-periods;
therefore, the product demand, blend component supply, and
blend capacity at any level are the aggregated values of the
corresponding periods of the next lower level.

Mathematical Models

The mathematical models are presented next. The follow-
ing sets are used:

A = {(a) | set of different supply flow rates of blend components}
Bl = {(bl) | set of blenders}
E = {(e) | set of quality properties}
G = {(g) | set of time slots for blend run allocation}
I = {(i) | set of blend components}
J = {(j) | set of product storage tanks}

K = {(k) | set of time periods at the first level or L1-periods}

L = {(l) | set of time intervals in which the scheduling horizon is
solved}

M = {(m) | set of time periods at the second level or L2-periods}
N = {(n) | set of time periods at the third level or L3-periods}
O = {(o) | set of orders}
P = {(p) | set of products}

BJ = {(bl, j) | blender bl can feed tank j}
BP = {(bl, p) | blender bl can process product p}
JP = {(j, p) | tank j can hold product p}

MK = {(m, k) | L2-periods contained in each L1-period}
NA = {(n, a) | blend component supply profile a occurs within L3-

period n}
OP = {(o, p) | order o consists of product p}
JO = {(j, o) | tank j can deliver order o}

GM = {(g, m) | slots g for blend allocation is contained in period m}
ML = {(m, l) | L2-periods contained in interval l}

MLE = {(n, m) | last L2-period contained in interval l}
NM = {(n, m) | L3-periods contained in each L2-period}

NMF = {(n, m) | all L3-periods, except the first one, contained in each
L2-period}

NL = {(n, l) | L3-periods contained in interval l}
NLE = {(n, l) | last L3-period contained in interval l}
NLF = {(n, l) | all L3-periods, except the first one, contained in inter-

val l}
NLO = {(n, l, o) | L3-periods contained in interval l when order o can

be delivered}
JON = {(j, o, n) | tank j may deliver order o during L3-period n}
JPN = {(j, p, n) | L3-periods when tank j can store product p}

NLOA = {(n, l, o) | L3-period contained in interval l when order o can
start to be delivered}

In principle, the models presented here can be adapted to
any scheduling problem with similar characteristics. Num-
bering of the equations continues from that of Part I of this
article.

First level—Blend recipe optimization

The first-level objective is to minimize the blend cost by
determining the optimum volume fractions (i.e., blend recipes)
to mix the blend components available into final products that
meet quality specifications and demand requirements. At this
level, the values of the product demand, blend component
supply, and blend capacity are aggregated values for each of
the L1-periods, and product storage tanks are aggregated into
product pools. The mathematical model of the first level pre-
sented in Part I of this article is used without modifications.
The objective function defined by Eq. 1 minimizes the blend
cost (Eq. 2) and the inventory infeasibilities. The penalty
coefficients for the product slacks variables are much greater
than the unit cost coefficients of the blend components. Slack
variables will be zero at the optimal solution (i.e., penalty
coefficients will not affect the final blend cost); if they have
nonzero values, it means that the problem is infeasible
because there is not enough blend components to blend prod-
ucts as required by the quality specifications or demand
requirements. Inventory cost is not included in the objective
function as inventory levels will be at the minimum allowed
at the end of each L1-period (because the CATP curve
touches the CTD curve).

In the first iteration of the algorithm, the volumes to be
blended in each L1-period are the minimum amount required
to fulfill the demand; thus, the solution of the first level model
is a lower bound of the global blend cost. Discrete variables
are not required at the first level because compliance of mini-
mum blend size thresholds and maximum blenders’ capacity
constraints are handled by adjusting the volumes to be
blended in each L1-period by moving the minimum possible
amount of volume to the previous L1-periods.

Figure 3. L-intervals at the third level.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Equations 3–15 only appear in Part I of this article
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Second level—Blend plan optimization and approximate
scheduling

The blend plan consists on determining (1) how much to
blend of each product and in which blender in each L2-
period; (2) allocation of swing tanks to specific products in
each L2-period; and (3) the inventory profiles of all storage
tanks along the planning horizon.

The second level computes the optimal blend plan using the
blend recipes from the first level. The blend recipes of each
L1-period are fixed in the corresponding L2-periods. The sec-
ond level is basically a disaggregation step of the first- level
decisions. A MILP model is used to deal with constraints as
the minimum blend size threshold, and others that require dis-
crete variables. The second level is solved in two phases: blend
planning optimization followed by approximate scheduling. In
this way, inventory infeasibilities are detected in less time.

Blend planning optimization at the second level minimizes
the blend cost and the inventory slack variables (see Eq. 16).
If a feasible operation can be obtained using the blend rec-
ipes from the first level, inventory slack variables will be
zero at the solution of the second level; otherwise, the inven-
tory slacks will show which specific products, by how much,
and in which L2-periods they cannot be produced in the
amounts required. To ensure that the nonzero slacks will
appear on the product tanks, the product inventories at the
L1-period boundaries are fixed instead of setting the produc-
tion targets from the first level, and:

1. Penalty coefficients for the products’ inventory slack
variables are smaller in comparison with the penalty for the
components’ inventory slacks (i.e., Penaltybc,L2 >>
Penaltypr,L2(m) 8 m; Penaltypool,L2(m) 5 Penaltypr,L2(m) 8 m).

2. The penalty coefficients for the product inventory
slacks decrease with time (i.e., Penalty-

pr,L2(m)> Penaltypr,L2(m 1 1) 8 m) in order to move the
inventory infeasibilities as late as possible in the planning
horizon In this way, the use of a given blend recipe is maxi-
mized. The penalty coefficients must decrease as fast as pos-
sible and after each L1-period boundary a significant change
must take place.

When the solution of this phase has inventory infeasibil-
ities (i.e., component supply or blender constraints are such
that the recipes computed at the first level are not feasible
within a L1-period), the algorithm will subdivide such L1-
periods and reoptimize the blend recipes.

Given the assumption that the flow rates of blend compo-
nents are given by the solution of the refinery planning level,
inventory cost is not included at this level as the refinery
will carry the total inventories as either blend components or
finished gasoline grades
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Equation 17 computes the blend cost
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Approximate scheduling at the second level minimizes the
number of product transitions in the blenders and in the
product storage tanks, as well as the number of blend runs
(see Eq. 18). Binary variable xL2(p,bl,m) defines a blend run;
that is, it determines if product p is going to be produced in
blender bl during period m if its value is 1. Blend runs are
penalized because a solution at the second level can suggest
to blend the same product in the same blender for several
adjacent L2-periods, thus, not incurring in a penalty for
product changeover in the blender; however, they are not
likely to have the same blending rate, which is a constraint
at the third level to define a blend run. Therefore, it is better
to have the minimum number of blend runs, and then reduce
the expected number of product changeovers (i.e., Penal-
tyBRL2(bl) >> PenaltyBSL2). If the inventory slacks are
zero at the blend planning solution, we know that the blend
recipes and inventory targets from the first-level solution can
yield a feasible blend plan; then, if those are fixed at the sec-
ond level, the blend cost does not need to be included in Eq.
18.

Equations 19–66 only appear in Part I of this article
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Third level—Detailed scheduling

The decisions of the second level are now disaggregated
at the third level. The goals of the third level are to
determine:

1. The blending rates for each blend run;
2. The delivery rates from all tanks to each order along

the scheduling horizon;
3. The production sequence in each blender; and
4. Start and end times of all tasks.
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We use the blend recipes from the first level, and the
inventory levels, the swing tanks allocation, the production
of each blender, and the delivery plan from the second level
to reduce the search space and model size at the third level.

The scheduling horizon is divided in various subintervals,
denoted as L-intervals (see Figure 3), and a MILP model is
solved for each one of them. The boundaries of the L-inter-
vals must be synchronized with the boundaries of some
L2-periods to enable the inventory levels computed at the
second level to be fixed at the start and end boundaries of
the L-intervals. The L-intervals are solved first in a forward
sequence, then the length of these L-intervals is increased
and they are solved in a reverse sequence. During the for-
ward pass, L-intervals do not need to overlap as the only
goal is to check if the second- level solution is feasible or
not. During the reverse pass, L-intervals may overlap to
reduce the number of blend runs while solving relatively
small size models.

The reverse pass decreases the number of blend runs by
merging the same-product blends that are adjacent to the
boundaries of the L-intervals used during the forward pass.
Due to our model formulation that uses the start of the blend
runs to count them, as well as the fulfillment of some con-
straints (e.g., minimum running time and minimum produc-
tion volume of a blend run), the feasibility of the L-interval
being solved with respect to the rest of the scheduling hori-
zon is easier to attain using a reverse pass than a second for-
ward pass.

The third level (at each forward and reverse pass) is
solved in two phases: a feasibility phase followed by an opti-
mization phase.

Objective Function of the Third-Level Feasibility Phase.
The objective function is given by Eq. 67; it minimizes the
blend cost, the inventory infeasibilities, and the delivery
infeasibilities. As the third level uses the inventory levels
computed by the second level, the inventory cost does not
need to be included at this level. The blend cost is computed
by Eq. 68. Inventory slack variables will be zero at the solu-
tion of the third level if a feasible operation can be obtained
using the blend recipes computed at the first level and the
blend plan from the second level. If this is not the case, the
inventory slacks will show which specific products, by how
much, and in which L3-periods they cannot be produced in
the amounts required to meet the demand. Once again, to
have the nonzero slacks on the product tanks, inventory lev-
els from the second level are fixed instead of the production
targets, and:

1. Penalty coefficients for the products’ inventory slack
variables are smaller in comparison with the penalty for the
components’ inventory slacks (i.e., Penaltybc,L3(n) >> Pen-
altypr,L3(n) 8 n), and they decrease with time (i.e., Penal-
tybc,L3(n) >> Penaltybc,L3(n 1 1) 8 n). Component slacks
appear when component tanks overflow.

2. The penalty coefficients for the product inventory
slacks decrease with time (i.e., Penaltypr,L3(n)>
Penaltypr,L3(n 1 1) 8 n) to move the inventory infeasibilities
as late as possible in the planning horizon.

3. Penalty coefficients for the delivery slacks are
higher than those of the component and product inventory
slacks (i.e., PenaltyDpr,L3 >> Penaltybc,L3(n) >> Penal-
typr,L3(n) 8 n).

If the solution of the MILP has inventory infeasibilities, it
indicates that component supply or blender constraints are

such that the recipes computed at the first level and/or the
blend plan from the second level are not feasible within a
L2-period. The algorithm will subdivide the corresponding
L1-period and reoptimize the blend recipes
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Trying to solve the entire scheduling horizon at once will
result in a third-level model with a large number of equa-
tions and discrete variables which may be computationally
inefficient to solve. However, the scheduling horizon can be
divided in smaller time intervals denoted as L-intervals and
Eqs. 67 and 68 are replaced by Eqs. 69 and 70, respectively
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Notice that, if no inventory infeasibilities appear, we have

min Zfeas
L3 5

X
l

min Zfeas
L3 ðlÞ

And BlendCost L35
P

l BlendCost L3ðlÞ.
Objective Function of the Third-Level Optimization Phase.

After a feasible schedule is generated (i.e., all slack variables
have a value of zero at the solution of the feasibility phase
of the third level), the third level minimizes the number of
blend runs, penalizes variations in the delivery rates, punish
late deliveries, and reduces the number of tanks receiving
product from the same blend run (reduction along the dura-
tion of the blend run as a blender only feeds one tank at a
time). Equation 71 is the objective function for the optimiza-
tion phase where the first term penalizes the number of blend
runs, the second term penalizes irregular delivery rates, the
third term penalizes late deliveries (i.e., Penalty-
DpmL3(n)> PenaltyDpmL3(n 2 1) 8 n), the fourth term rep-
resents the penalty associated with long blend runs, and the
last term is the penalty for sending product from one blender
to different storage tanks during the same blend run but at
different times (the blenders can only send product to only
one tank at a time). In this work, the higher penalty corre-
sponds to the number of blend runs. Equation 71 does not
minimizes the blend cost because the blend recipes and the
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inventory levels at the boundaries of the L-interval are fixed
(i.e., blend cost will be the same as that computed during
the feasibility phase)

min Zopt
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Material Balance on Blend Component Tanks. The volu-
metric balance on the blend components ensures that the ini-
tial inventory plus the supply are equal to the final inventory
plus the amount transferred to the blenders, during a L3-
period. At this level, the L3-periods are small enough that
the supply rate of blend components is constant within such
periods. Equation 72a is used during the feasibility phase to
include the slack variables. If the blend recipes lead to a fea-
sible solution, then the slack variables have a value of zero
at the feasibility phase solution and they can be omitted dur-
ing the optimization phase (Eq. 72b)

Fbc ði; aÞ � tL3ðnÞ1Vbc;L3ði; n21Þ2Vbc;L3ði; nÞ

2
P
ðbl;pÞ2BP Vcomp;L3ði; p; bl; nÞ

1S1
bc;L3ði; nÞ2S2

bc;L3ði; nÞ50

8 i; n 2 NL; a 2 NA

(72a)

Fbc ði; aÞ � tL3ðnÞ1Vbc;L3ði; n21Þ

2Vbc;L3ði; nÞ2
P
ðbl;pÞ2BP Vcomp;L3ði; p; bl; nÞ50

8i; n 2 NL; a 2 NA

(72b)

Fixed Blend Recipe. Equation 73 fixes the blend recipe
r(i,p,k) from the first level in its corresponding L3-periods.
Note that r(i,p,k) is a parameter and not a variable at the
third level. Fblend,L3(p,bl,n) is the production rate of product
p in blender bl during period n

Vcomp;L3ði; p; bl; nÞ5rði; p; kÞ � tL3ðnÞ � Fblend;L3ðp; bl; nÞ

8 i; p; blð Þ 2 BP; n;mð Þ 2 NM; n 2 NL
(73)

Blender Constraints. Equation 74 establishes that a
blender may only blend a product according to the second
level blend plan. Equation 75 constrains the blender to pro-
cess only one product during a L3-period. xL3(p,bl,n) is a 0–
1 continuous variable which value is 1 if product p is
blended in bl during period n, and 0 otherwise. Note that
xL2(p,bl,m) is a parameter and not a variable at the third
level. wblend,L3(bl,n) is a 0–1 continuous variable which can
only take the value equal to 1 if the blender is idle, or equal
to 0 if it is running. All 0–1 continuous variables are set to
be less than or equal to 1 (equations omitted here)

xL3ðp; bl; nÞ �
X
m2l

xL2ðp; bl;mÞ 8 bl; pð Þ 2 BP; n;mð Þ

2 NM; n 2 NL (74)

wblend;L3ðbl; nÞ1
X
p2BP

xL3ðp; bl; nÞ51 8bl; n 2 NL (75)

Equations 76 and 77 observe that the production rate must
be equal to or less than the maximum blending rate, and
equal to or greater than the minimum blending rate,
respectively

Fblend;L3ðp; bl; nÞ � Fmax
blend ðbl Þ � xL3ðp; bl; nÞ 8 bl; pð Þ

2 BP; n 2 NL (76)

Fblend;L3ðp; bl; nÞ � Fmin
blend ðbl Þ � xL3ðp; bl; nÞ 8 bl; pð Þ

2 BP; n 2 NL (77)

Volume Transferred from Blenders to Product Tanks.
The set JPN is constructed according to the solution of the
second-level model; this enables the product allocation of
swing tanks determined at the second level to be fixed at the
third level. Equations 78–81 force a blender to feed at most
only one product tank during a L3-period. Binary variable
vL3(j,bl,n) specifies that blender bl is feeding product tank j
during period n if its value is equal to 1

Vtrans;L3ðj; bl; nÞ � Fblend;L3ðp; bl; nÞ � tL3ðnÞ1Fmax
blend ðbl Þ

�tL3ðnÞ � 12vL3ðj; bl; nÞð Þ

8 bl; pð Þ 2 BP; bl; jð Þ 2 BJ; j; pð Þ 2 JPN; n 2 NL

(78)

Vtrans;L3ðj; bl; nÞ � Fblend;L3ðp; bl; nÞ � tL3ðnÞ2Fmax
blend ðbl Þ

�tL3ðnÞ � 12vL3ðj; bl; nÞð Þ

8 bl; pð Þ 2 BP; bl; jð Þ 2 BJ; j; pð Þ 2 JPN; n 2 NL
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Vtrans;L3ðj; bl; nÞ � Fmax
blend ðbl Þ � tL3ðnÞ � vL3ðj; bl; nÞ 8 bl; jð Þ

2 BJ; n 2 NL

(80)

wblender;L3ðbl; nÞ1
X
j2BJ

vL3ðj; bl; nÞ51 8bl; n 2 NL (81)

Equation 81 forces continuous variable wblender,L3(bl,n)
to be only 0 or 1. Equation 82 observes that the blender
bl is feeding product p into a tank j that contains such
product. Let us note that the allocation of swing tanks
computed at the second level is fixed at the third level.
This equation forces continuous variable xL3(bl,n) to be
only 0 or 1X

j2JP

vL3ðj; bl; nÞ5xL3ðp; bl; nÞ 8 bl; n 2 NL (82)

Equations 83a and 83b define if a change in the destina-
tion tank for the product in the blender has occurred at
period n (when the blender is already running). However, let
us note that this change is constrained by Eqs. 81 and 82 to
be made only to another tank assigned to hold the same
product at period n. 0–1 continuous variable xeL3(bl,n) repre-
sents the start or end of a blend run if its value is 1; there-
fore, veL3(bl,n) is a 0–1 continuous variable due to being
penalized in Eq. 71

veL3ðbl; nÞ � vL3ðj; bl; nÞ2vL3ðj; bl; n21Þ
2xeL3ðbl; nÞ 8 bl; jð Þ 2 BJ; n 2 NL (83a)

veL3ðbl; nÞ � vL3ðj; bl; n21Þ2vL3ðj; bl; nÞ
2xeL3ðbl; nÞ 8 bl; jð Þ 2 BJ; n 2 NL (83b)
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It is important to notice that the only binary variable at the
third level is vL3(j,bl,n), which indicates that the number of dis-
crete variables only increases with the system structure (i.e.,
number of blenders and product tanks) and the discretization of
the scheduling horizon (i.e., the number of L3-periods).

Material Balance on Product Tanks. The volumetric bal-
ance on the product tanks specifies that the initial inventory
plus the volume supplied by the blenders are equal to the
final inventory plus the amount delivered, during a L3-
period. Equation 84a is used during the feasibility phase to
include the slack variables, and Eq. 84b is utilized during
the optimization phaseP

bl2Bl Vtrans;L3ðj; bl; nÞ1Vpr;L3ðj; n21Þ2Vpr;L3ðj; nÞ2tL3ðnÞ

�
P

o2JON Dpr;L3ðj; o; nÞ1S1
pr;L3ðj; nÞ2S1

pr;L3ðj; nÞ50

8j; n 2 NL

(84a)P
bl2Bl Vtrans;L3ðj; bl; nÞ1Vpr;L3ðj; n21Þ2Vpr;L3ðj; nÞ

2tL3ðnÞ �
P

o2JON Dpr;L3ðj; o; nÞ508j; n 2 NL
(84b)

Inventory Limits. Inventory constraints are only forced
on individual storage tanks by Eqs. 85 and 86

Vmin
bc ðiÞ � Vbc;L3ði; nÞ � Vmax

bc ðiÞ 8i; n 2 NL (85)

Vmin
pr ðjÞ � Vpr;L3ðj; nÞ � Vmax

pr ðjÞ 8j; n 2 NL (86)

Initial Inventory. Equations 87 and 88 set the initial state
of the blend component and product tanks, respectively.
Note that these equations are required only for the first L-
interval

Vbc;L3ði; n50Þ5Vstart
bc ðiÞ 8i (87)

Vpr;L3ðj; n50Þ5Vstart
pr ðjÞ 8j (88)

Blend Runs. At this level, 0–1 continuous variable
xeL3(bl,n) represents a state transition in blender bl at the
beginning of period n; in other words, a transition from
being running to being idle, or vice versa. 0–1 continuous
variable swL3(bl,n) represents the start of a blend run in
blender bl at the beginning of period n. Equation 89 defines
which product the blender is processing if it is running at
the beginning of the horizon, and Eq. 90 determines if the
blender is idle at time zero. Equations 91 and 92 identify a
state transition in the blender; they force continuous variable
xeL3(bl,n) to be 1 when a product starts or finishes a blend
run. Equations 93a and 93b force xeL3(bl,n) to be 0 when
blender is running or idle during two consecutive L3-
periods, respectively. Equations 94 and 95 define if a blend
run has started in the blenders

xL3ðp; bl; n50Þ5xstart ðp; bl Þ 8ðbl; pÞ 2 BP (89)

wblend;L3ðbl; n50Þ5wstart
blend ðbl Þ 8bl (90)

xeL3ðbl; nÞ � xL3ðp; bl; nÞ2xL3ðp; bl; n21Þ 8ðbl; pÞ 2 BP; n
2 NL

(91)

xeL3ðbl; nÞ � xL3ðp; bl; n21Þ2xL3ðp; bl; nÞ 8ðbl; pÞ 2 BP; n
2 NL

(92)

xeL3ðbl; nÞ � wblend;L3ðbl; nÞ1wblend;L3ðbl; n21Þ 8bl; n 2 NL

(93a)

xeL3ðbl; nÞ � 22wblend;L3ðbl; nÞ2wblend;L3ðbl; n21Þ 8bl; n 2 NL

(93b)

swL3ðbl; nÞ � xeL3ðbl; nÞ1wblend;L3ðbl; n21Þ21 8bl; n 2 NL

(94)

swL3ðbl; nÞ � xeL3ðbl; nÞ1wblend;L3ðbl; n21Þ
2

8bl; n 2 NL

(95)

Constant Blending Rate. Equation 96 ensures that the
blending rate is constant during a blend run. Equation 97
specifies the blending rate of the blenders at the beginning
of the scheduling horizon

2Fmax
blend ðbl Þ � xeL3ðbl; nÞ � Fblend;L3ðp; bl; nÞ

2Fblend;L3ðp; bl; n21Þ � Fmax
blend ðbl Þ � xeL3ðbl; nÞ

8ðbl; pÞ 2 BP; n 2 NL

(96)

Fblend;L3ðp; bl; n50Þ5Fstart
blend ðp; bl Þ 8ðbl; pÞ 2 BP (97)

Constraints on the Minimum Running Times of the Blen-
ders. To know when a blender has surpassed its minimum
allowed running time when processing product p, the cumu-
lative running time of a blender at the end of period n is
computed [i.e., tblend,L3(bl,n)]. Equation 98 sets the running
time at the beginning of the scheduling horizon. Equations
99 and 100 compute the cumulative running time at period n
as the cumulative running time in period n 2 1 plus the
duration of period n, if the blender is not idle. Equation 101
restarts to zero the cumulative running time when the
blender goes idle. Parameter H is the length of the schedul-
ing horizon

tblend;L3ðbl; n50Þ5tstart
blend ðblÞ 8bl (98)

tblend;L 3ðbl; nÞ � tblend;L 3ðbl; n21Þ1tL3ðnÞ
1H � wblend;L 3ðbl; nÞ 8bl; n 2 NL

(99)

tblend;L3ðbl; nÞ � tblend;L3ðbl; n21Þ1tL3ðnÞ2H

� wblend;L3ðbl; nÞ 8bl; n 2 NL
(100)

tblend;L3ðbl; nÞ � H � 12wblend;L3ðbl; nÞ
� �

8bl; n 2 NL

(101)

Equation 102 observes that state transitions in the blender
can only occur after the minimum running time has been
achieved or surpassed

xeL3ðbl; nÞ � tblend;L3ðbl; n21Þ
tmin
blend ðp; bl Þ 1H

� 12xL3ðp; bl; n21Þð Þ 8ðbl; pÞ 2 BP; n 2 NL (102)

Equation 102 does not avoid solutions with blend runs
completed at the end of the horizon (or L-interval) with less
than the minimum running time; therefore, Eq. 103 is neces-
sary to ensure that any blend run within the scheduling hori-
zon has a run time at least equal to the minimum

tblend;L3ðbl; nÞ � tmin
blend ðp; bl Þ � xL3ðp; bl; nÞ 8ðbl; pÞ 2 BP; n

2 NLE

(103)

Constraints on the Minimum Idle Times of the Blenders.
We consider product-dependent changeover times in the
blenders. The cumulative idle time of blender bl at the end
of period n is denoted as itblend,L3(bl,n). Equation 104 sets
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the idle time at the beginning of the scheduling horizon. Equa-
tions 105 and 106 compute the cumulative idle time at period
n as the cumulative idle time at period n 2 1 plus the duration
of period n, if the blender is not running. Equation 107 restarts
to zero the idle time when the blender starts a blend run

itblend;L3ðbl; n50Þ5it start
blend ðbl Þ 8bl (104)

it blend;L3ðbl; nÞ � it blend;L3ðbl; n21Þ1tL3ðnÞ1H�
12wblend;L3ðbl; nÞ
� �

8bl; n 2 NL (105)

it blend;L3ðbl; nÞ � it blend;L3ðbl; n21Þ1tL3ðnÞ2H

� 12wblend;L3ðbl; nÞ
� �

8bl; n 2 NL (106)

it blend;L3ðbl; nÞ � H � wblend;L3ðbl; nÞ 8bl; n 2 NL (107)

Equation 108 ensures that a blender cannot start to process
product p in period n unless the cumulative idle time at
period n 2 1 is greater than the minimum required

it blend;L3ðbl; n21Þ � it min
blend ðp; bl Þ � xL3ðp; bl; nÞ2H

� 12wblend;L3ðbl; n21Þ
� �

8ðbl; pÞ 2 BP; n 2 NL (108)

Constraints on the Minimum Production Volume of the
Blend Runs. We consider that a blend run should produce
at least a minimum amount of product. The cumulative vol-
ume produced by blender bl as the start of the blend run up
to the end of period n (if the blend run has not been com-
pleted) is denoted as vcblend,L3(bl,n). Equation 109 sets the
cumulative volume at the beginning of the scheduling hori-
zon. Equations 110 and 111 compute the cumulative volume
produced up to period n as the cumulative volume at period
n 2 1 plus the volume blended in period n, if the blender is
not idle. Equation 112 restarts to zero the cumulative volume
when the blender ends a blend run and while it remains idle

vcblend;L3ðbl; n50Þ5vcstart
blend ðbl Þ 8bl (109)

vcblend;L3ðbl; nÞ � vcblend;L3ðbl; n21Þ1
X
p2BP

Vblend;L3ðp; bl; nÞ

1Fmax
blend ðbl Þ � H � wblend;L3ðbl; nÞ 8bl; n 2 NL (110)

vcblend;L3ðbl; nÞ � vcblend;L3ðbl; n21Þ1
X
p2BP

Vblend;L3ðp; bl; nÞ

2Fmax
blend ðbl Þ � H � wblend;L3ðbl; nÞ 8bl; n 2 NL (111)

vcblend;L3ðbl; nÞ � Fmax
blend ðbl Þ � H � 12wblend;L3ðbl; nÞ

� �
8bl; n 2 NL (112)

Equations 113 and 114 constraint a blender to end a blend
run until the minimum volume has been produced

xeL3ðbl; nÞ � vcblend;L3ðbl; n21Þ
VMIN min

blend ðp; bl Þ1Fmax
blend ðbl Þ � H

� 12xL3ðp; bl; n21Þð Þ 8ðbl; pÞ
2 BP; n 2 NL (113)

vcblend;L3ðbl; nÞ � VMIN min
blend ðp; bl Þ � xL3ðp; bl; nÞ 8ðbl; pÞ

2 BP; n 2 NLE

(114)

Equations 109–114 are not used if these minimum blend
thresholds are not considered; in that case, the minimum vol-
ume that may be produced by a blend run is given as the
minimum blending rate multiplied by the minimum running
time. From Eqs. 99 to 113, parameter H can be substituted
by the smallest possible number to tighten the model.

Order Delivery. Equation 115 computes the volume to
deliver of order o during L-interval l, denoted as Demandor-

der,L3(o,l), according to the second-level solution. As stated
before, in this work only one L2-period is contained by one
L-interval during the feasibility phase. Note that ofL2(o,m) is
a parameter and not a variable at the third level

Demand order;L3ðo; lÞ5Demand ðoÞ �
X

m2ML

ofL2ðo;mÞ 8o (115)

Equations 116a, 116b, 117a, and 117b represent the mate-
rial balance around the lifting/shipping ports. Together, Eqs.
116a and 117a force the delivery to occur within the corre-
sponding window during the feasibility phase (and Eqs. 116b
and 117b during the optimization phase). Equations 116a
and 116b constraint the amount shipped within the delivery
window [the delivery window is given by set NLO (n,l,o)] to
be equal to the demand, while Eqs. 117a and 117b observe
that the amount shipped within the whole L-interval is equal
to the demand. Therefore, no delivery occurs outside the
delivery window

tL3ðnÞ �
X

n2NLO

X
ðj;oÞ2JON

Dpr;L3ðj; o; nÞ

2
4

3
55Demand order;L3ðo; lÞ

1S1
order;L3ðo; lÞ2S2

order;L3ðo; lÞ 8o (116a)

tL3ðnÞ �
X

n2NLO

X
ðj;oÞ2JON

Dpr;L3ðj; o; nÞ

2
4

3
55Demand order;L3ðo; lÞ

8o (116b)

tL3ðnÞ �
X

n2NL

X
ðj;oÞ2JON

Dpr;L3ðj; o; nÞ

2
4

3
55Demand order;L3ðo; lÞ1

S1
order;L3ðo; lÞ2S2

order;L3ðo; lÞ 8o (117a)

tL3ðnÞ �
X
n2NL

X
ðj;oÞ2JON

Dpr;L3ðj; o; nÞ

2
4

3
55Demand order;L3ðo; lÞ 8o

(117b)

Delivery rate of order o must be equal to or less than its
specified maximum (Eq. 118), and the total delivery rate of
tank j must be equal to or less than its maximum delivery
capacity (Eq. 119)X

j2JON

Dpr;L3ðj; o; nÞ � Dmax
order ðoÞ 8o; n 2 NLO (118)

X
o2JON

Dpr;L3ðj; o; nÞ � Dmax
pr ðjÞ 8j; n 2 NLO (119)

To keep the delivery rate as constant as possible, Eqs. 120
and 121 compute the difference between delivery rates,
which is penalized in Eq. 71

Dsw L3ðj; o; nÞ � Dpr;L3ðj; o; nÞ2Dpr;L3ðj; o; n21Þ 8ðj; oÞ
2 JON; n 2 NLO

(120)

Dsw L3ðj; o; nÞ � Dpr;L3ðj; o; n21Þ2Dpr;L3ðj; o; nÞ 8ðj; oÞ
2 JON; n 2 NLO

(121)

Target Inventories. During the forward rolling window
pass, Eqs. 122 and 123 set the inventory targets for the blend
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component and the product tanks at the end boundary of the
L-interval l according to the second-level solution. Starting
inventories are set according to the solution from the previ-
ous L-interval (l 2 1).

During the reverse rolling window pass, the inventory tar-
gets for the blend component and the product tanks at the
start boundary of the L-interval l are set by the values com-
puted during the forward pass. Inventories at the end bound-
ary of the L-interval are set according to the solution from
the L-interval (l 1 1)

Vbc;L3ði; nÞ5Vbc;L2ði;mÞ 8i; n 2 NLE;m 2 MLE (122)

Vpr;L3ðj; nÞ5Vpr;L2ðj;mÞ 8j; n 2 NLE;m 2 MLE (123)

MPIP Scheduling Algorithm

The algorithm presented here is based on the gasoline
blend planning and scheduling problem; however, it can be
applied to any system with similar characteristics.

Step 1: Modify the original order delivery windows if nec-
essary. This is required to transform the problem from a
continuous-time to a discrete-time domain.

Step 2: Construct the CTD and the CATP curves. Deter-
mine the pinch point(s) location.

Step 3: Set iteration counters iterS 5 1 and iterP 5 1.
Divide the scheduling horizon (at the first level) in the num-
ber of L1-periods indicated by the pinch points, unit cost,
and quality breakpoints of blend components.

Step 4: Solve the first-level model to compute the optimal
blend recipes (Eq. 1–15).

� In the first “planning” iteration (iterP 5 1), the vol-
umes to produce of each product in each L1-period are the
minimum amounts required to meet the aggregated demand
in each L1-period.

� In following “planning” iterations (iterP> 1), the vol-
umes to produce are defined according to the solution of the
second level (see Step 7) or the third level (see Step 12).

� If the quantity to be produced [i.e., Vblend,L1(p,k)]
violates the maximum blend capacity or the minimum blend
size threshold constraints, volumes are adjusted by moving
the least amount possible of volume to previous L1-periods
(i.e., preblending).

� If any inventory slack variable has a nonzero value
at the solution, the problem is infeasible as the availability
or quality of blend components is not enough to meet the
product quality specifications or to deliver the products
within the delivery windows. Stop.

Step 5: Solve the second level blend planning model (Eqs.
16, 17, and 19–55).

Step 6: If all the inventory slack variables from Step 5 are
zero, a feasible blend plan, based on optimal recipes com-
puted at the first level, has been found; go to Step 9. Other-
wise, continue to Step 7: Subdivide the L1-period at the end
boundary of the L2-period with the first infeasibility.

� The volumes to be blended in each new L1-period
are given by the solution of Step 5 plus the positive slacks
minus the negative slacks. If Vblend,L1(p,k), for any p or k,
violates the maximum blend capacity or the minimum blend
size threshold constraints, volumes are adjusted by moving
the least amount possible of volume to previous L1-periods.

Step 8: Set iterP 5 iterP 1 1. Go back to Step 4.
Step 9: Solve the second level approximate scheduling

model (Eqs. 17–61).

� The solution provides an initial guess (upper bound)
for the number of blend runs and a lower bound for the
number of product transitions in the blenders.

� The solution provides the product-tank allocation that
yields the minimum product transitions in the storage tanks.

Step 10: Define the L-intervals for the third level forward
rolling window pass.

� The length of these L-intervals can be different but
their boundaries must match L2-period boundaries.

� L-intervals are not required to overlap.
Step 11: Solve the third-level feasibility phase model

(Eqs. 69, 70, and 72–123) for each L-interval from Step 10.
� Use the forward rolling window approach, that is,

start with l 5 1 and move on to the end of the scheduling
horizon. In this way, the initial conditions of each L-interval
are computed considering the conditions at the beginning of
the horizon.

Step 12: If the solution from Step 11 has all slack varia-
bles, for all L-intervals, with values equal to zero, continue
to Step 14. Otherwise:

� Subdivide the scheduling horizon at the first level at
the start boundary of the L2-period containing the largest
infeasibility. Small infeasibilities may disappear with new
recipes.

� In the next iteration, if nonzero slacks continue to
appear in the same L2-period, subdivide the scheduling hori-
zon at the first level at the end boundary of that L2-period.
If such period is the last L2-period, or if nonzero slacks con-
tinue appearing in the same period in following iterations;
subdivide the horizon at the first level in such a way that the
blend run with nonzero slacks is delimited (i.e., a blend rec-
ipe is computed for that particular blend run). A good guess
to delimit the blend run is given by tblend,L2(p,bl,m) 1

it min
blend p; blð Þ.
� Necessity of moving volumes to previous time peri-

ods as in Step 7 is less common at this level.
� Inventory targets computed at the first level are not

fixed at the corresponding boundaries at the second level if
the inventory targets at other second level boundaries already
define how much product is required to be blended with the
same blend recipe; for example, when a single blend run is
delimited at the first level.

Step 13: Set iterS 5 iterS 1 1, and go back to Step 4.
Step 14: Solve the third level optimization phase model

(Eqs. 70–123) for each L-interval from Step 10.
� Use the forward rolling window approach.
� If inventory infeasibilities appear or the model for an

L-interval is infeasible, this is due to a different boundary
condition (i.e., the initial blender conditions are different
from those used at Step 11). Resolve previous L-interval and
fix the initial conditions computed in Step 11.

Step 15: Determine new L-intervals for the reverse rolling
window pass:

� If the same product is being blended in adjacent L2-
periods, in the same blender and using the same blend rec-
ipe, those L2-periods can be grouped into one L-interval.

� L-intervals can be overlapped if necessary.
� Increasing the length of the L-intervals increases

the model size as well as the execution times required to
solve it.

Step 16: Solve the third level feasibility phase model
(Eqs. 69, 70, and 72–121) for each L-interval from Step 15,
including the following constraint
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X
bl2Bl

swL3ðbl; nÞ5swEst
L3 ðlÞ 8n 2 NL (124)

� swEst
L3 is the estimated lower bound for the total num-

ber of blend runs according to solution from Step 14 (i.e.,
one blend run per product being blended in the L-interval l,
minus the blend runs that have started in L-interval l 2 1)

� Use a reverse rolling window approach, that is, start
with L-interval l 5 L and continue until the beginning of the
horizon. In this way, changes at the boundary conditions will
not affect the feasibility of previous L-intervals.

� If the solution for an L-interval contains inventory
slacks greater than zero, set swEst

L3 lð Þ5 swEst
L3 lð Þ1 1 and

resolve the L-interval. Repeat until the solution does not
contain inventory infeasibilities (feasibility is guaranteed by
Step 14).

� This step aims to join the most possible blend runs
computed at Step 14.

� Inventory levels are only fixed at the boundaries of
the L-interval being solved. In other words, if the L-intervals
overlap (i.e., end boundary of L-interval l 2 1 is within L-
interval l), then the new inventory levels computed at l
should be used for l 2 1.

� Variables xL3(p,bl,n) and wblend,L3(bl,n) are fixed in
the last L3-period n of L-interval l if in L3-period n 1 1 the
blender is starting or continuing a blend run. In addition,
parameters tmin

blend p; blð Þ and VMINblend(p,bl) are adjusted for
Eqs. 103 and 114, respectively, to account for blend runs
that are completed in L-interval l 1 1.

Step 17: Fix variables Fblend,L3(p,bl,n), xL3(p,bl,n),
xeL3(bl,n), and wblend,L3(bl,n), and solve the third-level

Figure 4. Flowchart for the MPIP scheduling algorithm.
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optimization phase reduced model (Eqs. 70, 71, 80–86, 88,
and 115–121) for each L-interval from Step 15. Stop.

� This step reduces the variations in the final delivery
rates and the variations in the transfer sequence from the
blenders to the storage tanks.

Steps 2–9 are the same steps of the MPIP planning algo-
rithm for gasoline blend planning (see Part I of this article);
therefore, the flowchart of the MPIP scheduling algorithm
can be visualized as Figure 4. Hence, we refer to the itera-
tions at Step 8 as planning iterations (iterP), and those at
Step 13 as scheduling iterations (iterS).

Numerical Results and Discussion

We present two sets of case studies: Test Set #1 contains
the examples discussed in Part I of this article (i.e., case
studies with our own data), whereas Test Set #2 are exam-
ples taken from the literature4 which incorporate all of the
characteristics given in the Problem Statement section of this
article. Test Set #1 is used to produce detailed schedules
from the blend plans computed at the second level of our
case studies presented in Part I of this article, and Test Set
#2 is used to compare our MPIP scheduling algorithm with a
full-space continuous-time model. Test Set #1 contains prob-
lems where the operation range of the blenders is small, the
demand requirements are high, and there is one nonlinear
blending property; whereas in Test Set #2 there is a large
difference between the maximum and minimum blending
rates, demand requirements are low, and all blending proper-
ties are assumed linear. For all examples in each Test Set,
the length of the L3-periods is 1 h.

Test Set #1: Integration of planning and detailed
scheduling

The gasoline blending system and all data required for
these case studies appear in Part I of this article.

The penalty coefficients at the third level are:
� For all blenders, the penalty for starting a blend run is

PenaltyBswL3 5 1 3 104 $.
� The penalty for variations in the delivery rate is

PenaltyDswL3 5 100$.
� The penalty profile for late delivery of orders [i.e., Pen-

altyDpmL3(n)] increases from 0$ at the beginning of an L-
interval up to 120$ at the end of the L-interval.
� The penalty for changing the destination tank for the

product from the blender is PenaltyTswL3 5 500$.

� The penalty for a blender being running for one L3-
period is PenaltyBLL3 5 1$.

We consider the highest penalty for a blend run to obtain
the production sequence with the minimum possible number
of blend runs; then, the next higher penalties are for varia-
tions in the delivery rates and late deliveries, and the small-
est penalty corresponds to long blend runs. The demand
orders in our case studies involve a single product and their
delivery time windows are assumed to be one day. As we
are using the L2-periods as 1 day, there is no need to adjust
the time delivery windows.

All case studies have been computed on a DELL Power-
Edge T310 (IntelVR XeonVR CPU, 2.40 GHz, and 12 GB
RAM) running Windows Server 2008 R2 OS. GAMS IDE
23.7.3 was used to solve each one of the case studies. The
first-level NLP model was solved using IPOPT, and the sec-
ond- and third-level models were solved using CPLEX 12.3.

Illustrative Example #1: Test Set #1, Case Study 13—Two
Nonidentical Blenders, Irregular Supply Profile of Blend
Components. Case study 13 was used to illustrate the steps
of the MPIP planning algorithm in Part I of this article; now,
we will continue with the steps of the MPIP scheduling algo-
rithm. This case study has demand profile #5 (shown in
Table 1), 2 blenders (A and B), and the supply flow rate of
components is irregular along the planning horizon. We con-
tinue the calculations from the solution of the second level
approximate scheduling solution presented in Part I of this
article. The next step is to solve the third-level feasibility
model. Each L3-period is 1-hour long.

First Scheduling Iteration. Let us define 14 L-intervals
(Step 10), each one for each L2-period (i.e., each L-interval
has 24 L3-periods). The inventory levels corresponding to
the L2-period boundaries are fixed at the respective bounda-
ries of the L-intervals. In this example, solution of the third-
level feasibility phase (Step 11) presents two inventory
slacks with nonzero values in the last L-interval on the light
naphtha (LNP) component tank, Sbc,L3

1(LNP,336) 5 0.0999
3 103 bbl, and Sbc,L3

2(LNP,330) 5 0.0999 3 103 bbl. This
means that LNP tank overflows at period n 5 330. The posi-
tive slack at period n 5 336 only appears because the target
inventory at the end of L-interval l 5 14 is not met as the
overflow volume is not considered available anymore for
future periods. Therefore, Step 12 of the MPIP scheduling
algorithm indicates that we need to subdivide the last L1-
period k 5 4 at the point in time corresponding to the start
boundary of L2-period m 5 14. This example illustrates that

Table 1. Test Set #1, Case Study 13—Demand Profile #5

Delivery Window Product U87 Product U91 Product U93

Start Time (h) End Time (h) Order Amount (3103 bbl) Order Amount (3103 bbl) Order Amount (3103 bbl)

0 24 O1 60 O14 50 O26 30
24 48 O2 50 O15 80 O27 30
48 72 O3 50 O16 70 O28 45
72 96 O4 70 O17 50 – 0
96 120 O5 90 O18 50 O29 30
120 144 O6 80 O19 30 O30 40
144 168 O7 130 O20 30 O31 30
168 192 O8 50 O21 30 O32 30
192 216 – 0 O22 30 O33 30
216 240 O9 30 O23 30 O34 30
240 264 O10 50 – 0 O35 30
264 288 O11 50 O24 40 – 0
288 312 O12 50 O25 30 O36 30
312 336 O13 80 – 0 O37 40
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typically at the third level the inventory infeasibilities are
relatively small.

Second Scheduling Iteration. The new blend recipes
computed at Step 4 have a cost equal to BlendCostL1 5

37,784.52 3 103 $, and the approximate schedule computed
by the second level (Step 9) is presented in Table 2.Test Set.
This approximate schedule has a total cost equal to
ZL2 5 38,502.52 3 103 $. No product switchover is required
in the storage tanks. The third-level feasibility phase (Step
11) did not find any inventory infeasibilities. The third-level
optimization phase (Step 14) was solved initially with 14 L-
intervals (one for each L2-period), and its solution is shown
in Figure 5a. Then, two contiguous L2-periods where the
same product is being blended in the same blender were
merged into a new L-interval (Step 15). L2-periods with dif-
ferent blend recipes were not merged because it was consid-
ered that a single blend run should have only one blend
recipe. The L-intervals from Step 15 were solved (Step 16)
using the previous solution as starting point. Figure 5b shows
the production schedule computed at Step 16. The final
delivery schedule and the inventory profiles of blend compo-

nents and product pools (which are computed at Step 17 and
that correspond to the production schedule shown in Figure
5b) are presented in Figures 6 and 7, respectively.

Test Set #1 Results. Table 3 shows the difference
between the second- and third-level solutions (Step 9 and
Step 17 of the MPIP scheduling algorithm, respectively).
The blend cost is the same at both levels due to fixed blend
recipes and inventory levels. The number of blend runs is
smaller at the third level as some of the blend runs at the
second level can be combined into single blend runs. The
minimum number of product transitions in the blenders is
achieved in some cases, and if it is not, the difference is
very small. No product transitions are required in the storage
tanks. Table 3 also presents the total number of scheduling
iterations required and the cumulative execution times
required at each level (i.e., the total time at each level con-
sidering all scheduling iterations). For our case studies, only
three scheduling iterations were required at most.

The forward pass at the third level is carried out using 14
L-intervals (one for each L2-period), each one of them with
24 L3-periods. The sum of the cumulative execution times at

Table 2.Test Set. 1, Case Study 13—Blend Plan

L2-Periods Production Volumes (3103 bbl)

Period ID Start Time (h) End Time (h)

Blender A Blender B

U87 U91 U93 U91 U93

m 5 1 0 24 – – – – 59
m 5 2 24 48 100 – – – 30
m 5 3 48 72 – 70 – – –
m 5 4 72 96 70 – – 64 –
m 5 5 96 120 103.5 – – 36 30
m 5 6 120 144 103.5 – – 30 36
m 5 7 144 168 93 – – 30 30
m 5 8 168 192 50 30 – – 30
m 5 9 192 216 – 31.5 – – 30
m 5 10 216 240 31.5 33.3 – – 30
m 5 11 240 264 48.5 – – – 30
m 5 12 264 288 54.3 – – 65.2 –
m 5 13 288 312 45.7 – – – 30
m 5 14 312 336 80 – – – 40

Figure 5. Test Set #1, Case study 13—Production schedule computed using (a) L-intervals with 24 L3-periods and
(b) using L-intervals with 48 L3-periods.

Units in kbbl. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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the first level, the second level, and the third level forward
pass is the time required to construct an initial solution for
the detailed schedule.

The reverse pass at the third level is carried out using L-
intervals with 48 L3-periods. The number of these L-intervals
varies in each case study as it depends on the number of L2-
periods that are adequate to merge (see Step 15). The execu-
tion times required to solve all of these 48-hour L-intervals
are shown in the last column from Table 3.

Regarding the model size, the number of discrete variables
is greater at the second level (which is solved for the entire
horizon) than at the third level with L-intervals of 14 or 48
h; however, the third-level model with 48-hour L-intervals
requires more computational effort to be solved. The number
of discrete variables at the third level increases only with the
addition of blenders or product storage tanks to the system.

Test Set #2: Comparison of the MPIP scheduling
algorithm with full-space continuous-time model using
unit slots

Examples 3, 4, 7, 8, 9, 12, and 14 from Li and Karimi4

were solved using the MPIP scheduling algorithm for com-

parison purposes. All examples were computed on a DELL
PowerEdge T310 (IntelVR XeonVR CPU, 2.40 GHz, and 12
GB RAM) running Windows Server 2008 R2 OS. GAMS
IDE 23.7.3 was used to solve each one of the case studies.
This computer is approximately 25% slower and has 4GB
RAM less than the machine used by Li and Karimi4.

Time delivery windows for orders O8, O10, O13, O19,
and O33 were reduced from [118, 190], [150.5, 185.5], [0,
56], [0, 50], and [0, 76], to [120, 190], [150, 185], [0, 48],
[0, 48], and [0, 72], respectively. Scheduling horizon at the
second level is divided in nine L2-periods (period m 5 1 to
m 5 7 are 24-hours long, period m 5 8 has 22 h, while m 5 9
is a 2-hour period) in example 3, 4, 7, 8, 9, and 12; and the
horizon in example 14 is divided in eight L2-periods, one
per day. The cost coefficients of the blend components and
the penalties associated with the number of blend runs and
product transitions in the tanks are the same as those pre-
sented by Li and Karimi.4 The penalty coefficients for the
third level are the same as those used in Test Set #1.

Li and Karimi4 use blend indices which blend linearly on
a volumetric basis instead of the actual quality properties;
therefore, the first level model is a linear program and all
the three levels were solved using CPLEX 12.3.

Figure 6. Test Set #1, Case study 13—Delivery schedule.

Units in kbbl. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Illustrative Example #2: Example 12—Two Blenders,
Constant Supply Profile of Blend Components. In this
example, the gasoline blending system has 2 blenders, 9
blend components with dedicated tanks, 5 products, and 11
swing tanks; there are 35 orders to deliver within a schedul-
ing horizon of 8 days (192 h). Nine product qualities are
required to be within specification and blend indices are uti-
lized to compute these (i.e., linear quality constraints are
used). The supply flow rate of components is constant along
the scheduling horizon. The first step is to adjust the start
and end times of the delivery windows. The cumulative
curves for this example (after the adjustment of the delivery
windows) are shown in Figure 8, where it can be seen that
there is only one inventory pinch point at time t 5 190 h.
As there are no orders to deliver after the pinch point, there
is no production in the last 2 h of the horizon.

Figure 7. Test Set #1, Case study 13—Inventory pro-
files of (a) product pools and (b) blend
components.
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Figure 8. Test Set #2, Example 12—Cumulative curves,
inventory pinch points, and L1-periods.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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First Scheduling Iteration. The aggregate demand for
L1-period k 5 1 is 185 kbbl of P1, 190 kbbl of P2, 195 kbbl
of P3, 178 kbbl of P4, and 116 kbbl of P5. Production tar-
gets for L1-period k 5 1 are 86.49 kbbl of P1, 89.84 kbbl of
P2, 165 kbbl of P3, 129.04 kbbl of P4, and 116 kbbl of P5.
As aggregated demand for L1-period k 5 2 is zero, produc-
tion targets for that L1-period are zero as well. Production
targets are computed as the minimum amount to fulfill
aggregated demand and target inventories (see Eq. 65 from
Part I of this article). Solving the first-level model (Step 4),
which is a LP in this example, provides the blend recipes
shown in Table 4. Only one set of blend recipes is required
for the entire horizon as there is no production in period
k 5 2. The blend cost is BlendCostL1 5 14,692.13 3 103 $.

The second-level model has nine L2-periods (i.e., m 5 1 to
m 5 7 are the first 7 days, m 5 8 contains the first 22 h of
day 8, and m 5 9 contains the last 2 h of day 8) and is
solved using the blend recipes from Table 4. The blend plan-
ning solution does not contain inventory infeasibilities (i.e.,
all slack variables have a value equal to zero), and the solu-
tion from the approximate scheduling (Step 9) is shown in
Table 5. Blend cost at the second level is
BlendCostL2 5 14,692.13 3 103 $, the same as the one from
the first level. The second level determines that tank PT-102
must hold product P5 for the entire horizon and is the only
product transition required in the storage tanks (tank PT-102
is initially empty but assigned to hold product P3).

Note that product P3 is being processed in different blen-
ders (see Table 5), but it may be blended in the same unit;
there is no penalty for this situation as both blenders are
allowed to produce such product and in both blenders it rep-
resents a new blend run and a product transition (i.e., it
incurs in the same penalty). Because there is only one prod-
uct being blended in each L2-period (i.e., only one task
being executed within the L2-periods), feasibility of the
blend recipes and the blend plan is guaranteed at the third
level; however, we still require to determine if the orders
can be delivered on time.

The duration of the L3-periods is 1 h; thus, the complete
scheduling horizon has 192 L3-periods. The L-intervals at
Step 10 are defined as each single day; that is, there are
eight L-intervals, each one with 24 L3-periods. The third-

level solution at Step 11 shows that all slack variables have
a value equal to zero. The production and delivery schedules
computed at Step 14 are shown in Figure 9. The blend cost
at the third level is BlendCostL3 5 14,692.13 3 103 $, which
is identical to the second-level blend cost. Step 15–17 of the
MPIP algorithm can be omitted because there is no product
being produced in the same blender in adjacent L2-periods.

It could be argued that, if both blend runs of product P3
are being processed in blender A, a single L-interval span-
ning [48 h, 168 h] should be able to merge those blend runs
into a single one. However, the second level already has
determined that this is not possible (at least with the blend
recipes being used) as the second level could not find a solu-
tion where P3 can be blended in adjacent L2-periods, even
when there is blend capacity available.

Test Set #2 Results. Table 6 summarizes the results for
the Test Set #2. Although we implemented the full-space
continuous-time model4 in GAMS and solved all the exam-
ples shown in Table 6 in our machine, we chose to present
the reported final solution from Li and Karimi4 because their
execution times are shorter than those required by our
machine; however, we show the results that we obtained in
our machine for the first integer solution. For examples 3, 4,
7, and 8 from Li and Karimi,4 the MPIP scheduling algo-
rithm computed solutions with the same blend cost and the
same total number of product transitions (i.e., the same total
cost). For Test Set #2, we use the definition for product tran-
sitions by Li and Karimi4 as the number of blend runs plus
the product transitions in the swing tanks. The same or a
smaller number of product transitions was found for exam-
ples 9, 12, and 14. Please note that in examples 9, 12, and
14 from Li and Karimi,4 there seems to be an inconsistency
between the data describing the examples and their reported
solution because their reported value of the objective func-
tion is smaller than the lower bound which is computed as
the optimal solution of the aggregate blend problem. As the
solution of the aggregate problem is based on the relaxed
problem that only minimizes the cost of materials subject to
their availability, and inventory and production capacity con-
straints (i.e., the aggregate problem does not consider the
cost of switchovers and their associated constraints), this
solution is a lower bound on the optimum. Any results with

Table 4. Test Set #2, Example 12—Blend Recipes for Period k 5 1 (i.e., time interval [0, 190 h])

Product

Component P1 P2 P3 P4 P5

C1 0.0127 – 0.1000 0.2400 –
C2 0.3873 0.3198 0.2900 0.1000 0.3076
C4 0.4000 0.4500 0.4300 0.3260 0.4000
C5 – – – 0.1899 –
C6 0.2000 0.2200 0.1800 0.1441 0.2000
C8 – 0.0102 – – 0.0924

Table 5. Test Set #2, Example 12—Blend Plan at the Second Level

L2-period Blender

ID Start Time (h) End Time (h) Product A B

m 5 1 0 24 P2 – 89.84
m 5 2 24 48 P4 – 129.04
m 5 3 48 72 P3 – 78.94
m 5 5 96 120 P5 116.00 –
m 5 7 144 168 P3 86.06 –
m 5 8 168 190 P1 86.49 –
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even lower value of the objective function correspond to
infeasible solutions. Following this reasoning, it appears that
Li and Karimi4 solutions for example 9, 12, and 14 are
infeasible; therefore, it is not meaningful to compare the
quality of the reported solutions for these examples with
those obtained by the MPIP algorithm.

For large problems, the execution times required by the
MPIP scheduling algorithm are considerably smaller than the
times required by the continuous-time model. As expected,
full-space continuous-time model is faster for small size
problems when compared to MPIP algorithm; however, for
large size problems the continuous-time model requires a

significant amount of CPU time to find an initial integer
solution.

It is important to note that only one scheduling iteration
of the MPIP algorithm is required to solve all examples
from Test Set #2; moreover, it is not necessary to overlap L-
intervals and solve Steps 15–17 to obtain the optimal solu-
tion due to few blend runs required to meet the demand.
Table 7 shows the model size at each level. It can be seen
that the number of discrete variables per L-interval with 24
L3-periods is greater than the number required by the
continuous-time full-space model in Example 3, but it is
smaller for all the remaining examples.

Figure 9. Test Set #2, Example 12—Production and delivery schedule at the third level.

Units in kbbl. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Conclusions

This works introduces an inventory pinch-based, multi-
scale algorithm (MPIP scheduling algorithm) to solve inte-
grated gasoline blend planning and scheduling problems.
Integrated planning and scheduling is decomposed via three
levels, each of them representing a different view of the
problem: the first level determines the best blend recipes by
considering only the aggregated availability of resources
and demand requirements across the planning and schedul-
ing horizon. The second level first computes an optimal
blend plan (how much to produce and when) using finer
grid time periods; if there is no feasible blend plan based
on the blend recipes computed at the first level, an interval
at the first level is subdivided at the point of earliest infea-
sibility and the blend recipes are reoptimized. Once the
existence of an optimal blend plan is confirmed, an approxi-
mate schedule is optimized. Volumetric constraints and
resource allocation from the approximate schedule are con-
straints on the detailed schedule which is computed at the
third level.

The MPIP scheduling algorithm has been tested on two
sets of case studies. Test Set #1 includes problems with lim-
ited storage and blending capacity, and high product
demands. These case studies are tightly constrained and
hence are expected to be computationally demanding. Test
Set #2 includes examples taken from the literature2,4 which
are not so tightly constrained (e.g., the blending rates have a
wider range between minimum and maximum, there is a
large initial inventory of products) and a simple demand pro-
file. For Test Set #2, the MPIP scheduling algorithm com-
puted schedules which have the same or better blend cost
and same or better number of product transitions as those
provided by a full-space continuous-time model, and in sig-
nificantly shorter execution times when solving large exam-
ples. In several large examples from Test Set #2, the results
reported in the literature are lower than the aggregate lower
bound, indicating an inconsistency between the problem
descriptions and the results reported in the literature.

The scheduling model (i.e., third-level model) presented

here only requires one binary variable: the decision to feed

product storage tank j from blender bl in period n. Therefore,

the model size only increases with the system structure (i.e.,

with the number of product tanks or blenders) and the num-

ber of time periods in which the horizon is discretized.Using

only one binary variable at the third level, delivery rates are

not forced to be greater than some minimum value. How-

ever, low delivery rates are easy to convert into higher rates

as the feasibility of the solution is not affected, although

nonintermittent deliveries are not guaranteed.
If the scheduling horizon is 2–4 weeks long, the model at

the third level becomes a very large MILP model. As second
level imposes constraints via approximate schedule, we have

chosen to implement forward and reverse rolling window

method as a quick heuristic strategy to obtain a good solu-
tion. Results presented in this work demonstrate that MPIP

scheduling algorithm solves large scale gasoline blending

problems to the same or better solution points and much
faster than previously published methods.

Future work will be to solve the refinery planning and
scheduling problem using our decomposition framework.
Decomposition approaches (e.g., Lagrangian decomposition)
will also be examined and integrated into our algorithm,
especially at the third level.
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Notation

Subscripts

bc = refers to a variable or parameter related to the blend component
tanks

blend = refers to a variable or parameter related to the blenders
comp = refers to a variable or parameter related to the transfer of vol-

ume between component tanks and blenders
L1 = refers to a variable or parameter of the first level
L2 = refers to a variable or parameter of the second level
L3 = refers to a variable or parameter of the third level

order = refers to a variable or parameter related to the orders
pool = refers to a variable or parameter related to the product pools

pr = refers to a variable or parameter related to the individual prod-
uct tanks

trans = refers to a variable or parameter related to the transfer of vol-
ume between blenders and product tanks or pools

Superscripts

max = refers to a maximum value that a variable may have
min = refers to a minimum value that a variable may have if different

from zero
start = refers to the initial value at the beginning of the planning hori-

zon that a variable may have
target = refers to a target value for a variable

Parameters

Costbc(i) = cost of blend component i
Dmax

order oð Þ = maximum delivery rate of order o
Dmax

pr jð Þ = maximum delivery rate of tank j
Demand(o) = demand of order o for the complete scheduling

horizon
Demandorder,L3(o,l) = demand of order o in L-interval l

Fbc(i,a) = supply flow rate of blend component i for supply
profile a

Fmax
blend blð Þ = maximum blending rate of blender bl

Fmin
blend blð Þ = minimum blending rate of blender bl

H = length of the planning horizon
it min

blend p; blð Þ = minimum idle time required by blender bl before
processing product p

Penaltybc,L1 = penalty for the inventory slack variables of blend
component tanks at the first level

Penaltybc,L2(m) = penalty for the inventory slack variables of com-
ponent i in L2-period m

Penaltybc,L3(n) = penalty for the inventory slack variables of blend
component tanks in L3-period n

Penaltypool,L1 = penalty for the inventory slack variables of prod-
uct pools at the first level

Penaltypool,L2(m) = penalty for the inventory slack variables of prod-
uct pool p in L2-period m

Penaltypr,L2(m) = penalty for the inventory slack variables of prod-
uct tank j in L2-period m

Penaltypr,L3(n) = penalty for the inventory slack variables of prod-
uct tanks in L3-period n

PenaltyBLL3 = penalty for processing a product in a blender dur-
ing a L3-period n

PenaltyBRL2(bl) = penalty for a blend run processed in blender bl
during a L2-period m

PenaltyBSL2 = penalty for a product transition in a blender at the
second level

PenaltyBswL3 = penalty for starting a blend run at the third level
PenaltyDpr,L3 = penalty for the delivery slack variables at the

third level
PenaltyDpmL3(o,n) = penalty for late delivery of order o at the third

level
PenaltyDswL3 = penalty for irregular delivery rates at the third

level
PenaltyTS(j) = penalty for a product transition in a swing tank at

the second level
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PenaltyTswL3 = penalty for changing the destination tank for the
product in the blender

swEst
L3 lð Þ = parameter that indicates the minimum possible

number of blend runs during L-interval l
tmin
blend p; blð Þ = minimum running time required by blender bl

when processing product p
tL3(n) = duration of L3-period n

ustart(j,p) = product p stored in tank j at the beginning of the
planning horizon

Vmax
bc ið Þ = maximum holdup of tank with blend component i

Vmin
bc ið Þ = minimum holdup of tank with blend component i

Vstart
bc j; pð Þ = volume of blend component i stored at the begin-

ning of the planning horizon
Vmax

pr jð Þ = maximum holdup of tank j
Vmin

pr jð Þ = minimum holdup of tank j
Vstart

pr jð Þ = volume stored in tank j at the beginning of the
planning horizon

VMINblend(p,bl) = minimum volume allowed to blend of product p
in blender bl during each L2-period

Integer variables

tblend,L2(p,bl,m) = estimated time to process product p in blender bl in
L2-period m

uL2(j,p,m) = binary variable that indicates if tank j is storing prod-
uct p in L2-period m

ueL2(j,m) = binary variable that indicates if there is a product
transition in tank j at the beginning of L2-period m

vL3(j,p,bl,n) = binary variable that indicates if tank j is receiving
product p from blender bl in L3-period n

xL2(p,bl,m) = binary variable that indicates if product p is processed
in blender bl in L2-period m

Continuous variables

BlendCostL1 = total blend cost at the first level
BlendCostL2 = total blend cost at the second level
BlendCostL3 = total blend cost at the third level
Dpr,L3(j,o,n) = delivery rate of tank j for order o within L3-period

n
Fblend,L3(p,bl,n) = blending rate of blender bl to produce product p

during L3-period n
itblend,L3(bl,n) = cumulative idle time of blender bl in L3-period n

ofL2(o,m) = fraction of order o to be delivered during L2-period
m (it becomes a parameter at the third level model)

DswL3(j,o,n) = difference between delivery rates to be penalized in
objective function of the third level optimization
phase

r(i,p,k) = volume of blend component i into product p in L1-
period k (it becomes a parameter at the second and
third level model)

Sbc,L1
1(i,k) = positive inventory slack variable of blend compo-

nent i at L1-period k
Sbc,L1

2(i,k) = negative inventory slack variable of blend compo-
nent i at L1-period k

Sbc,L2
1(i,m) = positive inventory slack variable of blend compo-

nent i at L2-period m
Sbc,L2

2(i,m) = negative inventory slack variable of blend compo-
nent i at L2-period m

Sbc,L3
1(i,n) = positive inventory slack variable of blend compo-

nent i at L3-period n
Sbc,L3

2(i,n) = negative inventory slack variable of blend compo-
nent i at L3-period n

Sorder,L3
1(o,l) = positive delivery slack variable of order o at L-

interval l
Sorder,L3

2(o,l) = negative delivery slack variable of order o at L-
interval l

Spool,L1
1(p,k) = positive inventory slack variable of product pool p

at L1-period k
Spool,L1

2(p,k) = negative inventory slack variable of product pool p
at L1-period k

Spool,L2
1(p,m) = positive inventory slack variable of product pool p

at L2-period m
Spool,L2

2(p,m) = negative inventory slack variable of product pool p
at L2-period m

Spr,L1
1(i,k) = positive inventory slack variable of product tank j

at L1-period k

Spr,L1
2(i,k) = negative inventory slack variable of product tank j

at L1-period k
Spr,L2

1(i,m) = positive inventory slack variable of product tank j
at L2-period m

Spr,L2
2(i,m) = negative inventory slack variable of product tank j

at L2-period m
Spr,L3

1(i,n) = positive inventory slack variable of product tank j
at L3-period n

Spr,L3
2(i,n) = negative inventory slack variable of product tank j

at L3-period n
swL3(bl,n) = 0–1 continuous variable that indicates if a blend

run has started in blender bl at the beginning of
L3-period n

tblend,L3(bl,n) = cumulative running time of blender bl in L3-period
n

Vbc,L2(i,m) = volume stored in component tank i at the end of
L2-period m

Vbc,L3(i,n) = volume stored in component tank i at the end of
L3-period n

Vcomp,L1(i,p,k) = volume of blend component i into product p in L1-
period k

Vcomp,L2(i,p,bl,m) = volume of blend component i into product p in
blender bl in L2-period m

Vcomp,L3(i,p,bl,n) = volume of blend component i into product p in
blender bl in L3-period n

Vpr,L2(j,m) = volume stored in product tank j at the end of L2-
period m

Vpr,L3(j,n) = volume stored in product tank j at the end of L3-
period n

Vtrans,L3(j,p,bl,n) = volume transferred of product p from blender bl to
tank j in L3-period n

vcblend,L3(bl,n) = cumulative volume produced by blender bl during a
blend run up to period n

veL3(bl,n) = 0–1 continuous variable which indicates if the
product from blender bl is going to be sent to a
different storage tank than that of the previous L3-
period

wblend,L3(bl,n) = 0–1 continuous variable which indicates that
blender bl is idle in L3-period n if it is equal to 1

xL3(p,bl,n) = 0–1 continuous variable that indicates if product p
is processed in blender bl in L3-period n

xeL2(p,bl,m) = 0–1 continuous variable that indicates if a state
transition has occurred in blender bl at the begin-
ning of L2-period m

xeL3(p,bl,n) = 0–1 continuous variable that indicates if a state
transition has occurred in blender bl at the begin-
ning of L3-period n

ZL1 = objective function value at the first level
ZL2 = objective function value at the second level, total

cost
Zopt

L2 = objective function value at the second level,
approximate scheduling

Zfeas
L2 = objective function value at the second level, blend

planning
ZL3 = objective function value at the third level, total cost
Zfeas

L3 = objective function value at the third level, optimiza-
tion phase

Zopt
L3 = objective function value at the third level, feasibil-

ity phase
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